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1. INTRODUCTION

As is known, strongly m -subharmonic (shm)functions have a practically

useful connection with m -convex (m—cv)functions. It turned out to be a very

convenient technique for studying m—cv functions. The purpose of this work is to
introduce mixed Hessians in the class of m—cv functions, using this connection.

Recall, that the function u(x)eC?(D) defined in the area D = R", is called
m—convex, 1<m<n, if
H*(u)=H"(4)= Z Aj by,
I<ji<.<jesn

is a Hessians of the eigenvalues of A=(4,,..,4,)eR" an orthogonal matrix

2
ou at each point x e D it satisfies the following condition
OX;0 X,

m-cvNC?*(D)={H"(u)>0, k=1..,n-m+1}. (1)
Similarly, a twice smooth function u(z)eC?(D) defined in the domain

D < C" is called strongly m —subharmonic u(z) € shm(D), If the differential forms
(currents)

on (dd°u)’ A ™20, k=L..,n—m+1. 2)
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Here f=dd° \2\2 —the fundamental form of volume in C".
The theory sh_ —of functions is well developed and currently the subject of

study by many mathematicians ( Z. Blotsky [ Bl ], S. Dinev and S. Kolodziej [ DK
1,DK 2],S. Li[Li],H.C. Lu[ Lul],[Lu2]etc.). A sufficiently comprehensive
overview of this theory can be found in the article by A. Sadullaev and B. Abdullaev
[AS], published in the proceedings of the Moscow Institute of the Russian Academy
of Sciences.

k
Operators (ddcu) A B closely related to the Hessians. For a twice smooth

H 2
function ueC?(D) the second order differential dd‘u =lz g u_
244 02,07,
a fixed point oe D) is a Hermitian quadratic form. After an appropriate unitary
transformation of the coordinates, it is brought to a diagonal form

dz; ndZ (at

ddcu:%[ﬂldzl/\d71+...+/1ndzn/\dfn], where 4,,..., A, —the eigenvalues of the

2

02.07,

Hermitian matrix [
J

j are real: A=(4,,..,4, )eR". It is worth noting that a

unitary transformation does not change the differential form g =dd° HzH2 It is easy
to see that

(dd°u)’ A p7* =k!(n—k)IH" (u) 3", 3)
where is H*(u) = Z A; --4; —the Hessian of the dimension k of the vector

1<, << j <N
A= l(u) eR".
Consequently, a twice smooth function u(z)eC?(D), D<C", is strongly
m —subharmonic if o € D the inequalities hold at each point
H*(u)=H;(u)=0, k=12,..,n—m+1.

Note that the concept of m —a subharmonic function in a generalized sense is
also defined in the general case for upper semi-continuous functions.

Definition 1. A function u(z), defined in a domain D = C" is called sh,, if
it is upper semi-continuous and for any twice smooth sh_ functions
ViyeVyn €C?(D)Nsh, (D) the current dduadd®v, a..add’v,_, AB"™" is
defined as

[dd°uAndd®, A..Add, , A B™](0)=
:Juddcle...AddCVn_mAﬂm1/\ dd‘w, weF®° @

= positive
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J-Uddcvl/\.../\ddcvnm AB A w20, VweF®, »>0.

Here F°°(D) is a family of infinitely smooth, finitely supported D functions.
In the work of Blotsky [ Bl ], it was proven that this definition is correct, that
for functions u e C*(D) this definition coincides with the original definition sh, -

of functions. Moreover, in the class of bounded sh_ — functions, operators are

defined (dd°u)k AR >0, k=1,2,..,n—m+1 as Borel measures in the domain D
(see [ Bl ], [ AS ]). According to (3), in the class of bounded sh —functions the
Hessians H* (u), k =1,2,...,n—m+1 are Borel measures in D.

The key point studying m—cv functions in a broader class of functions is the
following connection m—cv and sh_ functions (see [ SI 1]). We put R’ in

C}, Ry cC) =R} +iR}(z=x+liy), as a real n— dimensional subspace of the
complex space C.

Theorem 1. A twice smooth function u(x)eC*(D), DR}, is m—cv in
D if and only if a function u®(z)=u’(x+iy)=u(x), that does not depend on
variables y e R is sh inthe domain D xiRf.

Theorem 1 allows us to define a m—convex function in the class of upper
semi-continuous function

Definition 2. An upper semi-continuous function u(x) in a domain D c R},
is called m—convex D, if the function uc(z) Is strongly m —subharmonic,
uC(Z)eShm(DxiR?,).

2. DEFINITIONS OF A MIXED HESSIAN.

H*(u),k=12..,n-m+1.

Theorem 1 allows us to define the Hessians in the

u(x)em—cv(D)

class of bounded M—CV functions as Borel measures in D. By

| | sh,(DxiR}) |
using the properties of YJ functions in [SASh] a number of properties of
. H*(u), k=12,...,n—-m+L1.
Hessians were proven
The purpose of this work is to investigate the so-called mixed Hessian, introduced
by Trudenger-Wong [ TW 3] to introduce capacitive quantities in the class

U(X) em- CV( D)' As it turned out, mixed Hessians are related to differential operators

dd’u, Addu, A...addu, A ™20, k=12,...,n—m+1,
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for various functions ul(z),uz(z),...,uk(z)eshm(D). In the class

* <m<
Shm ( D)ﬂ Le ( D)’ l<ms<n, we define differential operators
o o c m-1
dd Uy A dd Up Aver A dd Uy ApT20 as currents (generalized functions) of bidegree
(k, k), recurrence relation according to k.

k=1 The relationship
ddcul /\ﬂm_l/\a:.‘-ul(Z)ﬂm_l/\ddca, ac Fn—m,n—m(D)’

D

defines the current of bi-degree (m,m). It is positive because if ul’(z)iul(z)
ul(z)esh,NC"

approximation U ( Z) smooth functions, then

Ciyl m-1
dd'uy A" A 20 Va20. p o pere

dd’u} A " A e :qu (z)ﬁ’m_1 Add’a >0, VaeF"™ ™(D), a >0,
D
when j_>oo

Iul (2)B"* Add°a 20, Va e F"™™" (D), a 20.

D

it gives us

ddu, A g™

From the positivity of current it follows that it is a current of measure

type.
Let us now assume recursively that the operator

c c c m-1
dd‘u, Addu, A...Andd"u, ;A S
iIs a positive current of measure type, we will show that

c c c m-1
dd’u, Addu, A...nddu A S is also a positive current of measure type. Since
c c c m-1
dd'u, Add*u, A...Add"u, , A S
relationship
ddu, Add®u, A...Aadd®u, AB" A=

= juk (z)dd°u; Add°u, A...Addu, A B™ Add e, @ e FMMTTY(D),

D

is a positive current of measure type, then the

defined bi-degree current (n-m-k+Ln-m-k+1),

c c c m-1 c
recurrence relation dd U A dd Uy A dd Ues A ST A dd*e it is a positive current of
measure type. Let us show that the resulting current is positive. If

ul(2)du(z), i=12,..k, '(z)esh,NC”

because by the

approximation Ui (Z) is smooth with U
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Cyy CiylJ c,,t m-1 -
functions, then currents dd'u/ Add'u; A..addu A B jeN, teN are positive,

k<n-m+1, dd°u’ Add°u) A..Add°U A" Aa>0 Va>0.

because From

here,
ddu} Addu) A...AddUi A " A=

_ Iu; (2)dd°uj Add®u) A...Addu, A ™ Add°e >0,
D
va c anmfk+1,nfmfk+1(D)’ a> 0
when 1 7% it gives us
Juf( (z)dd°u, Add°u, A...Addu,_, A ™ Add°a 20,
D
Voae Fn—m—k+1,n—m—k+1(D) a> O
In turn, at L — % hence we obtain the positivity of the current
dd°u, Add®u, A...Add®u, A B A=

_ Iuk (2)dd°u, Addu, A...Add"U, , A ™ Add°a >0,
D
Vo e Frm (D) o > 0.
From the positivity of this current follows the important fact that
ddu, Add®u, A...Aaddu A 8" >0, k=12,...,n—m+1, (5)

for various functions ul(z)’UZ(Z)"“’uk(Z)EShm(D) are defined in the class
sh,(D)N L (D), 1<m<n

loc , currents (generalized functions) of bi-degree (k’k)’type

of measure.

T 2
Note that for twice smooth vector-functions u _(ul’UZ""’uk) EShm(D)ﬂC (D)
ddu, Addu, A...Add U, AP k=12,...,n—-m+1

the differential form ' is positive
definite, dd®u, Add°u, A...Add"u, A B >0.
i aZu aZu
ddcut:—z Ldz, AdZ, t=12,.k A=—T—
24 07.07 07.07.
Let us denote is T s By %% the

o°u,
_ . | 0z,0%,
diagonal elements of the matrix J Then

I<ji#jp#.# ) <n

ddcul/\ddcuz/\.../\ddcuk/\ﬂnk:Ck,n|: > ﬂiﬁi---ﬂi}ﬂ”
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where Cka” >0~ is the constant. Value

H*(d)= Z AA2.AL

1<y o #. o <N
is called mixed Hessian for functions Uy, Uy, Uy € S, ( D) nce ( D)
ddu, Add®u, A...Add°U, A "¢ = C..H k (0)B"
and from positivity 90U A ddU, A A dd U A B >0
Hessian is positive: H (U) 20.

3. GENERAL DEFINITIONS OF A MIXED HESSIAN.
By using Theorem 1 in this section we define mixed Hessians

H* (U, Uy, Uy ), kK=1,2,..,n—m+1,

. Thus,

(6)

it follows that mixed

for various functions
Uy (X),Uy (%), (X) em—cv(D)N L, (D), D<= R".
R" . C}, R} cC) =R} +iR}(z=x+iy),

We put as before " x in as a real N—

n H n
dimensional subspace of the complex space ¢, , we find shy, in the domain D IRV of
the function

uf(z),ug(z),...,ulf(z)eshm(Dxi]Ri”)ﬂ L5 (DxiR”), DxiR"cC".

loc
Then, according to (5),

c,,C c,,C c,,C n—k
> = —
dd"u; Add®u; A...Aaddu; A7 20, k=1,2,...,n—m+1, represents a  current

DxiR} < Cl.

(generalized function) in the domain If

uﬁ(z)zuﬁ ¢ K(W_ Z)’ 1=12...k j=12.. the standard approximation, then
smooth sequences uﬁ(z)i uf (2), for 10 1=12,...k
weakly convergence of currents,
dd°u;; Addus; A..Addug A B"
> ddul Addus A..Addul A BT k=12,..,n—m+1.
(6) and (7) entails the convergence of the Hessian

H"(ufj,u‘z’j,...,ulfj)H H"(uf,ug,...,ulf), k=12,..n—m+1.

. Moreover, there is a

(7)

(8)

® defines  for uf,u;,...,u§eshm(DxiR;)mu;c(DxiR';)

H* (06,0, ), k=12, n =M +1,

Hessians
c k

Hk(uc,uc,...,u): .
as Borel measures, 12 )= H
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n

U, ;,....us € sh, (DxiR}) yeRY,

Since they do not depend on then for any
4k
E.cD, E,cR’ mesE m(ExE,)
Borel sets Y the measures y do not depend on the

E xE )=v (E
E. cR",  mesE X y) ()
set Y ' je. y . Borel measures

k
ve: v (E)= 4 1 (E xE,), k=12,..,n—-m+1,
Y )

H* (U, Uyl ), k=12, ,n=m+1,

it's natural to call mixed Hessian for

bounded, M —convex functions Up,Uzen U €M _CV(D)'

4. ESTIMATION OF THE MIXED HESSIAN ON AVERAGE.

To have a metric characteristic of sets E — D associated with capacity, we
need to introduce the corresponding capacity quantity

If Qz{p(Z)<O}CC”—

o=minp(a), .
G then for any o <r <0 and for any function
the next integral formula holds (see [ S3])

fo [ (00" sfosf sa-m) [ (o0 sfos]

p(z)<r

M =supu(z), m=infu(z)
Q Q

the domain is strictly psevdoconvex,
uesh, (Q)NC*Q)

1<k<n-m+1],

where :

In particular, for the function u(z)e Shm(B)ﬂCZ(g)’ Osus<l, in a unit ball
B, :{z eC": p(Z)<1}, p(Z)=|Z|2 =1 e have

j.dt j A A(ddu) < j B A(ddu)

g < jof*<r (10)

Formula (20) has a generalization. Let

U =(Uy,Uy,....u, ) esh, (B)NC?(B), 0<u; <1, j=12...k.

formula

Then, by the Stokes
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fat [ A addunddu, n..nddu, -
1 | <14t
~[dt [ A Adu Add, Andd, =

1| =1t

= B AdpAadiu Addiu, A...Aaddy, =

= B Adu, Ad®p AddU, A...AdDD U, =

= | d[p*Aud*paddiu, a..addu, |-

L 4
\z\z <1+r

— j U  Add°p Add®u, A...Addu, =
\z\2s1+r
= j ud®
\z\2=1+r

_ j U8 Addeu, A... A ddu,.

\z\z <1+r

22|)™ AddCu, ..nddCu, -

zZ\A(ddc

0<u; <1 e

Since here integrand differential forms are also positive, then

jdt j B Addu, Add°u, A...Add"U, <
-1 \z\z <1+t

< I d°
\2\2 =1+r

- j B AddCu, A A ddCu,.
\z\z <l+r

Repeating this procedure K —once, we obtain

22‘)n_k Addu, A...Addu, =

z?\A(ololc

idqrjdrz...rjkdrk [ ddunddiuanddyapt< [ g =Vo(B,)

-1 -1 -1 ‘Z‘z <14, \z\z <l+n
If we move here to mixed Hessians (formula (6)), we obtain
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O dr, rl drz...rkldrk dd®u, Add°u, A...AddU, A B =
Jan for.. [ |

-1 A -1 |2f* <145
dr, | dr,... | dr, H*(0)p I(B )
:[ :[1 '[ j2f :[mk Cen (11)

The left side of (11) can be estimated from below. For 1< <0

Idrjdr jolrk j H ﬁ>jdrjdr jolrk j H (u)3

-1 -1 |z \ <1+, |z \ <11,

f H ﬂjdrjdr J-drk j H* ()3

2 <141, 2 <141,

Hence, assuming 1+ T =" 0<r<i,
Hk(u)ﬁ“_M 1<k<n-m+10<r<l.

; Cn(1-T)

|| <r ' (12)
Note that formula (12) is also true for the vector-function
U(z)=(u(2),u,(2),...u (2)) e sh, (B)NL"(B).
We now turn to the M —convex functions
U(X)=(u(%),Uy (X),eesth (X)) em—cv(B)NL*(B).

As above we put Xx in Cl Ry cCL =R +IRS(2=X41Y) g puild

etevations U (¥) = (1 (X):Uz (%) U (X)) i the domain Q= BxiR" , we find
UC(Z):(uf(z),ug(z) ..... ulf(z))eshm(Q)ﬂL‘”(Q),
where UC(Z):(ul(x)’UZ(X)"”’uk(X))’ xeB,yeR" We apply formula (12)

to the vector function (Z)
Vol (B, )k!
[ He(@)av(2)< Vol (B, )k!
f < Cenl(1- r)
Here, we transition from a multiple integral to an iterated integral

k {=c VOI(BZ)k|
dv(y) [ H*(O)av(x)s——
y'L < S";—yz ( ) Cen(l-T1)

. 1<k<n-m+1 O<r<l.

(13)
using Fubini’s formula.
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u(x)eC?(D), DR},

Note that for twice smooth functions the

o°u’(z) | _1[d%u(x)
02,07, ) 4| 0x,0%,

reletionship [ ] Is correct. Hence, the eigenvalues of the

(82u°(z)] L&zu(x)J
matrix 02,07, )\ o%;0%, are related by the relations
(if(z),...,iﬁ(z)):%(ﬂl(x),...,/in(x)). Therefore, for the mixed Hessian
H'@)= D, Adi-A HE ()= 2 He ),

i Jpe# h=n we have 4 Since the vector-
function UC(Z) does not depend on yeR", then according to (13)

4“Vol (B, k!

[av(y) [ H*Wav(x)< R

lyi*<r X <1y

1<k<n-m+10<r<l.

(14)
The left side of formula (14) expresses a kind of local averaging of Hessians
H*(U), 1<k<n-m+1

holds
Theorem 2. In the class of locally uniformly bounded functions,

L:{U(X)e m-cv(D)N LTZC(D)}’ the family of integrals
JH(Ex)aV (x), 0= (u ()5 ()t (%) ) € L,
K
uniformly bounded for any compact KeD, 1sksn-k+1.

The class == {u(x) em—cv(D)N LT;C(D)}
with mixed Hessians

* for M—convex functions. In particular, the following

also has weakly convergence

Theorem 3. If the sequences Uy (x)el, t=12,...k j=12..,

s (U (x)eL,

are

K [~
then the sequence of Borel measures H (ui)
U,)> H (T), k=12,...,n-m+1.

. u
decreasing

k k
, H
weakly converges to H* (1) (
Proof Theorems similarly follow from the corresponding result for the class

L ={u(z)esh,(D)NL; (D)}

Lettheset Ec D and w*(x,E,D) its P, -measure be the magnitude.
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Pmcv(E! D) = _J‘a)*(x, E, D)dV

is called the P -capacity of the set E with respectto D.

Thus, the P__ -capacitance expresses the capacitive value of the pair. (E, D).

mcv

Such a pair is usually called a capacitor in R".
P.., - the capacity has the following properties:

1. PmCV(E,D):—Jw(x,E,D)dV :

It follows from the fact that the set {xe D:w(x,E,D)<®>(x,E,D)} has zero

Lebesgue measure.
2. P.(E,D)>0and P (E,D)=0if and only if Eisa mcvpolar set inD.

Let us present some simple properties of the e -measure.
1. (monotony) If E1 C E2 ’ then w* (X, El, D) > o* (X, Ez, D) : if Ec D1 C Dz’ then

@*(x E, D) z0*(XED,). Follows from class embeddings
U(E,, D) > U(E,, D), U(E,D,) > U(E,D,).

2. @*(xU,D)eUU.,D)  for open sets UcD and therefore
0*(x,U,D)=w(x,U,D) .

. U=UK, K cK®
3.1f is U <D an open set and i ' where Vi~ i+t are compact, then

@ (X’ K;: D)J' @ (xU, D). If is E<D an arbitrary set, then there exists a decreasing

sequence  of open sets i2E UiaUn (=120 guen that

(!mm(x,uj, D))* =" (x,E,D)

The following theorem relates @™ (x E.D)=0 g mev_polar sets.

Theorem 3. e -measure @*(%E.D) s either nowhere equal to zero or is
identically equal to zero. @™ (X E.D)=0. Moreover, ®* (% E.D)=0 if and only if E
mev -polar in D.

Indeed, if M -convex function @*(*E.D) vanishes at some interior point,
X* €D, then by the maximum principle @*(xE D)=0.

Furthermore, if ®"(XE.D)=0. then it is easy to find a point x°€D
such that o(x’,E, D) =0. According to the definition,

u; eU(E,D): uj(xo)>—i

0=w(x",E,D) =sup{u(x’): ueU(E,D)} there is a sequence 2!

W(x):iuj(x).

1
(ap] ) _ u (x%)>-=,
i Let's put i1 Since, all Ui <0 that W(X)<m-cv(D) /() 2!

" Since
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o0

W(XO) > Z% =-1,

that = ie. ()= Since that Uile="1 From W(X)=—= Vx<E.
This it follows that E is a McV-polar set in D
Conversely, if E is a Mcv-polar set, P then according to Theorem 2 there

exists a function U() em—-cv(D), Ulo <O uz=—w, byt Ule == Then the functions
uj(X)=i_u(X)eZ/I(E,D), j=12,...

] and o(y,E,D)=sup{u(y): ueY(E,D)}=0 for all
yeD: u(Y)* 2 towever, the set 1Y <D U(Y)==2f pag Lebesgue measure zero,

®*(x,E,D)=limaw(y,E,D)=
y—X

0.
i.e., it is nowhere dense. Therefore, The theorem is

proved.

4. (two constants theorem). If in the area D<R" function U(X)€m—CV gnq
ufp <R ufe<r (EcD, r<R)  yhon for all XeD the inequality holds
u(x) <RQ+o*(x,E,D))-ro*(x,E,D)

51f a set E compactly lies in a strongly MCV convex domain,
D={p(x) <0}, E€ D, than the Prs-measure @*(E:D) m—cv continues in .

Definition 3. A point is called regular point of a compact set if . A compact
set is called -regular compact set if each of its points is -regular.

The following theorem is very important in the study of functions.

Theorem 4. If is a regular compact set, then -measure is and is a continuous
function in .

The following theorem is key in the characterization of P -capacity.

Theorem 5. The quantity P _ (E,D) is an increasing and countably
subadditive function of the set: 7, (E,,D) <R, (E,,D) for E, c E, and

mcv

PmCV{OEJ,DJSZm:PmCV(EJ,D). (4)

(E,D) it is continuous on the right, i.e. for any set Ec D and any
(U,D)-P,.(E,D)<e.

mcv

Proof. Monotone P, (E, D) follows obviously from the monotonicity property
of the P -measure. The proof of (4) follows from a similar inequality

mcv

Moreover, P,

mcv

&> Othere exists an open set U o E such that P

mcv

—a){x,UEj,D]s—Zw(x,Ej,D) for P -measures: for any set,
j=1 j=1

u;(x)eU(E;,D)the sum Zuj(x) is m—cv function in the wide sense (it can also
i=1
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be equal to - ). In addition Zw:uj(x)eu[UEj,D] , and, therefore
iuj(x)Sa{x, ’ EJ,D].On the other hand,
=1 1
sup{iuj(x): uj(x)eu(Ej,D)}z
_Zsup{ u;(x)eU(E; D)} = Za)xE D)

j=

and

iwxE D) <a)[ UEJ,DJ
j=1

Integrating this inequality and using Levi's theorem on the integration of a monotone
sequence, we obtain

ja)[ UEJ,D]dV<—ZI x,E,,D)dV.

It remains to show the continuity of the set function on the right 2, (E, D). We
fix a set E < D and, according to the property 3) of the P -measure, construct a

mcv

sequence of open sets U, oE, U, oU,, [Ilma)(XU D)} =w*(xE,D).

jo

Since, a)(x,Uj, D) IS increasing, then again by Levy's theorem

I|m73mcv( D)= ~lim o(xU;,D)dV = jllma) x,U;,D)=
]

j[nmm(xu D)}dv P (E.D).

mev
Jo®

Hence, for any ¢ >0, there exists j,such that for j> j,, the inequality holds
Poee (U} D)= By, (E. D) < £. The theorem is proved .

Consequence 1. For any decreasing sequence of compact sets, K, o K, o...
the following right-hand continuity holds:

Pmcv[ﬁKJ, DJ—IJT;PW(KJ, D). (5)
j=1

0

Consequence 2. For any increasing sequence of sets E, cE, ..., E= U E;,
j=1

LN
v

there is continuity on the left
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Pmcv(OEJ,DJ:!umCV(EJ,D). (6)
j=1

Theorem 6. The set function P

mcv

(E,D) has all the properties of Choquet
measurability, and therefore any Borel set is measurable in 7 -capacity . Thus, if
E < D aBorel set, E €B, is measurable in capacity, then its internal and external

capacities  coincide: P..(E,D)=P (E,D)=PR,(E.,D) ,  where
RmCV(E,D)=SUp{PmCV(K,D): Kc E—KOMnaKm}— internal and
Po(E.D)=inf{P,(U,D):U > E — omxpsimoe| —external capacity of a set E .

8. CONCLUSION

In conclusion, this paper significantly advances the mathematical framework of the
theory of m -convex functions by establishing rigorous metric and capacitive
characteristics for geometric domains in D . The structural analysis leads to several key
findings:

Ultimately, these results offer essential tools for solving Dirichlet problems,
evaluating uniform estimates of m -convex functions, and understanding the metric
topology of subsets within MCV-convex domains.
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